Abstract. We start by discussing the solvability of the following superlinear problem
Introduction
Existence of solutions for semilinear elliptic Dirichlet problems −∆u = g (x, u) in Ω, u = 0 on ∂Ω with distinct behaviours of g(x,s) s as s → ±∞ has been difficult to establish in the case when (i) g(x, 0) = 0 (so there is no trivial solution), (ii) there is resonance in one direction and (iii) the problem is superlinear in the other. The problem seems to be particularly harder to deal if such a resonance is at the first eigenvalue of the Laplacian, in view of the fact that the corresponding first eigenfuction has a definite sign. It is a problem of this kind that it will be treated here, namely where Ω is a smooth bounded domain in (Ω). Since we will use topological arguments to prove Theorem 1.1, we shall need a-priori bounds on the eventual solutions of (1.1). This is the contents of the next result. Notice that from the regularity theory all weak solutions of (1.1) belong to W 2,r (Ω), and recall that W 2,r (Ω) ⊂ C 1 (Ω) because r > N. 
Let us remark that hypothesis (H1) is a necessary condition for both the existence of solutions with nontrivial positive part and the existence of a-priori bounds.
In the second part of this paper we deal with the solvability of the following system :
where f, g satisfy condition (*), hypothesis (H1) and the exponents p, q > 1 are such that
